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INTRODUCTION 
Measuring elastic constants ( Cii) of composite materials from ultrasonic velocities is a 
very weil known technique 1,2, using the propagation ofbulk modes generated at the fluid-
solid interface. There is still a question about the validity of these measurements at lower 
frequencies or for static stress fields. These materials made with viscoelastic matrix are 
anisotropic and viscoelastic. Hence, the attenuation is also anisotropic. In an absorbing 
medium, the propagation of waves is dispersive: the phase velocity depends on the frequency. 
Attenuation and velocity are linked together through the Kramers-Kronig relations that are 
deduced from the principle of causality 3 . 
A way to validate the Cij measurements in the static domain, is to build a model of their 
variation to prolong it toward lower frequencies. In that effort, this paper presents the first 
aspect of this problern that is the connection between anisotropic attenuation and anisotropic 
dependence of phase velocity versus frequency. 
A weil - known set -up to measure attenuations and velocities in any direction of 
propagation, is the immersion method .This fumishes the whole set of complex viscoelastic 
constants, *cii = c;i + ic;i , where the real parts are deduced from velocities and the imaginary 
parts from attenuations I . 
In an orthotropic material, this complex matrix has nine independent constants. 
Orthotropic materials have three planes 4 of symmetry. Composite materials made of 
superimposed plies are shaped like a plate, which defines the principal plane P23 (see Fig. 1). 
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Fig. 1 Axis and planes af symmetry in lang fibers campasite materials. 
Using the immersian technique, it is passible to measure seven af these constants in twa 
planes af symmetry and the two others in an anather plane 1 . 
The purpose af this paper is to present an experimental verificatian af the Kramers-
Krönig relatians in an anisatrapic plane (here P13 ) af a unidirectianal campasite made af glass 
fibers and epaxy matrix, taking into accaunt the heterogeneaus structure af wave generated 
through the liquid-solid interface. 
THEORY 
A plane wave propagating in a solid can be represented by a displacement field as : 
[1] 
with § = S' - iS", where S' is the wave propagation vectar and S" the damping vector. 
In a viscaelastic material , the dispersion relatian between any modulus like Yaung's ar 
Coulamb's madulus, viscoelastic moduli *cii in an axis of symmetry, etc., is given by 3 : 
In the general case af an arbitrary direction of propagatian in an infmite medium, three 
heterogeneaus mades are the salutions af the Christaffel's equatians i•rii- .J'.- Ö;il = 0 
S. S 
[2] 
where the Christaffel's tensor ·rii is built with the viscoelastic moduli ·cii and the directian 
af prapagatian 4 . With the hypothesis af small attenuatian 1 , these equatians take the 
shape: G(*rij)= ~. Thedecampasitianafthecamplex G functianinrealpart G 1(v) 
and imaginary part G2 (v) Ieads to the same equatian [2]. 
The damping vectar is assumed to be smaller than the wave vectar. This hypothesis 
needs ta be satisfied if ane wants ta prapagate waves thraugh materials in arder ta measure 
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their properties. Indeed, if the signal attenuation is too large, no signal can be transrnitted 
through the sample. 
Then: 
and 
The principle of causality 3 imposes that G 2 is the Hilbert transform of G 1 : 
[3] 
[4] 
Because the temporal representation g( t) of the modulus is real, its Fourier transform is 
suchthat G1 (u) = G1 ( -u) and G2(u) = -G2( -u). This property Ieads to the classical 
Kramers-Kronig relations: 
[6] 
In the case of heterogeneous wave generated at the liquid-solid interface 5 , Iet us denote 
S, the projection of the damping vector onto the wave vector (Fig. 2). S, = S" cos( 9,) where 
9, is the refraction angle. 
The relationship between real and imaginary parts of the slowness vector become: 
4 += S, u 
S'2 = n I S'3 u2- v2 du 
0 
[7] 
M.O.Donnell and al. 6 prove that those relations can be written in a "local" form, over a 
lirnited frequency bandwidth : 
S' = S0' - ~ Iv ~ du h S' 1 1t Vo u w ere 0 = c( Vo) = Co [8] 
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Fig. 2 Heterogeneous wave generation at liquid - solid interface. 
In many papers 6-9 , it was shown that the attenuation factor a = 27tVS, is almost 
varying linearly with frequency in the ultrasonic frequencies range. The slope of the curve is 
noted a 1• This model is simple and useful because it implies that the c;i are constant 7 . To 
tak:e into account that this curve does not pass through the origin, it is mandatory to increase 
the degree of the polynomial. In this paper, a simple second order polynomial is used : 
Then the velocity dispersion can be easily link:ed to the attenuation by the formula : 
, , a1 L ( V ) a2 ( ) S = S - - n - - - V-V0 
o 1t2 V 1tz 
0 
A'ITENUATION MEASUREMENT 
The incident wave amplitude A, { v) is defined by the Fourier transform of the 
acquired waveform resulting of propagation between an ultrasonic transmitter and an 
ultrasonic receiver (Bandwidth "" 0.5 - 3 MHz ) when the solid is not present. 
1094 
[9] 
[ 1 0] 
The amplitude of the transmitted waveform A, ( v) is normalized by A, ( v) to get the 
transfer function of the two interfaces and the propagation through the solid. This amplitude 
A(v) = A,(v) corresponds to the normalized amplitude ofthe heterogeneous bulk mode first 
A,(v) 
transmitted through the plate . An important feature to measure correctly this amplitude, is to 
move the receiver with a shift computed from the Snell'law [Fig. 2] . The modulus of this 
complex amplitude perrnits to compute S" from the formula : 
IA(v)I=T exp(- 27tv S"e) [ 11] 
T is the transmission coefficient of both interfaces , computed from the real part of • C;i 1 
and e is the thickness of the sample. 
In Fig. 3, the measurement of S, in the P12 plane and the value of S, computed from the 
·cii values (Table 1) for heterogeneous modes are plotted. As expected, this plane Iooks 
almost isotropic. From the ·cii values, it is also possible to compute the values of S" for 
homogeneous modes. For comparison, these values are also shown in Fig. 3 for 
homogeneous modes propagating in the same direction than the heterogeneous modes. (For 
them, the incidence has no meaning; the direction of propagation is the correspondant 
refraction angle). As already proved 5, in an isotropic plane, if the attenuation is small, the 
value of S, for heterogeneous modes is close to the value of S" for homogeneous modes. 
As shown in Fig. 4, if the plane is anisotropic, there is a noticeable difference between 
these two values. This perrnits to check experimentally which of the two values has to be used 
in the Kramers-Kronig relations. 
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Fig. 3 Sr versus incidence for quasi-longitudinal mode in the plane P12 
X : Experimental data ; -- : Sr for heterogeneous mode; 
----- : S" for homogeneous mode. 
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Fig. 4 Sr versus incidence for quasi-longitudinal mode in the plane p13 
X : Experimental data ; -- : Sr for heterogeneous mode; 
----- : S" for homogeneous mode. 
The two coefficients a 1 and a2 [9] are identified by a Newton-Raphton's procedure to 
get the best fit between the polynom and the attenuation measurements. 
20 
The evolution of a versus frequency is presented at Fig. 5 at normal incidence and an 
incidence of 16°. Forthis incidence, the wave propagates in the solid at an angle of er= 38° . 
lt is surprising that the attenuation factor is !arger when the direction of propagation 
approaches the fiber direction. As explained at Fig. 4, the attenuation factor is !arger for 
heterogeneous waves than for homogenous waves propagating in the same direction. That 
effect can be verified with the velocity variation versus frequency. 
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Fig. 5 Attenuation factor a = 27tVS, versus frequency of the quasi-longitudinal mode in 
the plane p13 for e = 0° and e = 16° 
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VELOCITY MEASUREMENT 
According the classical ultrasonic spectroscopy technique 10, The delay introduced by 
the propagation of the wave from one interface to the other is given by : 
( ) - cp(v) __ e_ S' 
'tV- - ' 
27tV cos(er) 
[12] 
where cp( v) is the phase of the complex amplitude A( v). Then, it is Straightforward to 
deduce the evolution ofthe phase velocity versus frequency, from the S' measurement. This 
is shown in Fig. 6, for the quasi-longitudinal heterogeneaus mode propagating in the 
direction er = 38° in the frequency range of 0.5-3 MHz. 
The velocities are also computed from the values of coefficients a1 and a2 deduced 
from the attenuation [10] .The frequency v0 is the lower frequency in the bandwidth and 
s~ at this frequency is identified by a Newton-Raphton's procedure from the Velocity 
measurements. 
The good correspondence between measured and computed velocities validates the 
Kramers-Krönig relations between velocity and the attenuation factor ofthe heterogeneous 
waves. We observed the same good fitting in any other direction. In Fig. 6, we also plotted 
the dispersion curve computed from values of S" for homogeneous waves propagating in 
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Fig. 6 Velocities versus frequency ofthe quasi-longitudinal mode in the plane P13 
for e = 16° X :Experimental velocities; 
: Velocities computed from heterogeneaus wave attenuation; 
: Velocities computed from homogeneous wave attenuation. 
Table 1 ·cii values in the plane P13 , in GPa at 1.5 MHz 
14.7 + i 0.5 40 + i 0.9 3.9 + i 0.3 
·cl3 
7.3 + i 0.2 
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the same direction. This smaller factor Ieads to a smaller velocity dispersion. The difference is 
large enough to prove the need to take into account the wave heterogeneity . 
CONCLUSIONS 
The Kramers-Krönig relations between attenuation and velocity in anisotropic medium, 
are verified, as in isotropic medium, if the heterogeneity of the quasi-longitudinal modes is 
taken into account; the same study for quasi-shear heterogeneous modes will be presented in 
a further paper. Then, these relations could permit to reach material properties at low 
frequencies, from ultrasonic measurements. 
But the question of how far can the model be extended towards lower frequencies, using 
these relations, has still to be solved. 
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